ABSTRACT. We prove spectral, stochastic and mean curvature estimates for complete m-submanifolds ϕ : M → N of n-manifolds with a pole N in terms of the comparison isoperimetric ratio I m and the extrinsic radius r ϕ ≤ ∞. Our proof holds for the bounded case r ϕ < ∞, recovering the known results, as well as for the unbounded case r ϕ = ∞. In both cases, the fundamental ingredient in these estimates is the integrability over (0, r ϕ ) of the inverse I −1 m of the comparison isoperimetric radius. When r ϕ = ∞, this condition is guaranteed if N is highly negatively curved.
Also associated to the model M m σ , is the homogeneous isoperimetric ratio I m (r) which is defined by
We showed in [8] that if ϕ : M → N is minimal and the following extrinsic conditions
hold, then the global mean exit time of M is finite, and, in fact,
In particular, M is not L 1 -Liouville. Three aspects of this result should be remarked. First, the condition I ′ m (t) ≥ 0 is implied by −G ≤ 0. Indeed,
Thus if σ ′′ ≥ 0, that is, if the curvature is nonpositive, then mσ ′′ t 0 σ m−1 ≥ 0 and therefore I ′ m (t) ≥ 0. Note however that, while it is necessary that σ ′′ ≥ 0 in a right neighborhood of 0, I m (t) could be nondecreasing even in the presence of some controlled negativity of σ ′′ . Second, the requirement I −1 m ∈ L 1 0, r ϕ is automatically satisfied if r ϕ < ∞, and in this case, in [8, Thm.9] we recover S. Markvorsen's result [15, ii.] under the slightly weaker hypothesis I ′ m (t) ≥ 0. Finally, in the case where the extrinsic diameter is infinite, the condition that I −1 m is integrable is equivalent to the stochastic incompleteness and implies a great amount of negative curvature of the m-dimensional model M m σ (and thus of N). The result [8, Thm.9] suggests that there should exist a correspondence between results valid for complete, bounded submanifolds of N and companion results for complete, unbounded immersions ϕ : M → N, into a manifold N with a pole, with radial sectional curvatures bounded above as in (1) and such that I −1 m ∈ L 1 (0, +∞). The purpose of this paper is to show that this correspondence does exist for a variety of results, including well known curvature, stochastic and spectral estimates for bounded submanifolds, of which we shall prove counterparts in the unbounded highly negatively curved setting. 
STATEMENT OF THE RESULTS

Theorem 1 (Spectral estimates
Observe that item (b) of Theorem 1 extends the main result of [6] . It is worth noticing that in the case where σ ′ /σ is nonincreasing, then I ′ m (r) < 0. Indeed, it is easy to check that I m satisfies the Riccati equation 
In the special case where
and, in particular, we recover a result by L. 
while if k = 0 and and
and we recover results by K. Seo [17] . A closer inspection of the proof of Theorem 1 shows that if we let M = N, then the conclusion holds without having to assume that I n be increasing. Thus we have
Corollary 2. Let N be a complete Riemannian n-manifold with a pole p and radial sectional curvature satisfying
where G : R → R is a smooth even function and the solution σ of the initial value problem
, then the spectrum of N is purely discrete. Observe that both alternatives do occur: 1
as shown by the examples below. Indeed, consider the 2-dimensional model M 2 σ , with σ (t) = (r + r 7 2 ) exp r 6 6 .
It is easy to show that
by stochastic completeness, while, as observed above,
We next describe mean curvature estimates which extend previous results valid for bounded immersions obtained, in increasing generality, in [2] , [12] , [13] , [14] , and [16] .
Theorem 3 (Mean curvature estimates). Let ϕ : M → N be an isometric immersion of a stochastically complete, m-dimensional Riemannian manifold M into a n-dimensional Riemannian manifold N with a pole o ∈ N. Assume that the radial sectional curvature of N satisfies
If r ϕ = +∞ and I m (r) −1 → 0 as r → +∞ then 
where H 1 0 (Ω) is the completion of C ∞ 0 (Ω) with respect to the norm
When Ω = M is a complete non-compact Riemannian manifold, the fundamen- The following two lemmas are useful to obtain lower bounds for the fundamental tones of open sets of Riemannian manifolds. 
Lemma 6 ([4]). Let Ω ⊂ M be an open subset of a Riemannian manifold M. Then the fundamental tone of Ω is bounded below by
(5) λ * (Ω) ≥ c(Ω) 2 4 , where c(Ω) = sup inf Ω div X sup Ω |X | : X ∈ X ∞ (Ω), div X ≥ 0 and X ∞ (Ω)λ * (Ω) ≥ inf Ω − ∆u u ·
PROOF OF THE RESULTS
Proof of Theorem 1. Recall that if ϕ : M → N is an isometric immersion and g : N → R and F : R → R are smooth functions, then for every X ∈ T x M we have
If g = ρ N is the distance function, then the assumption on the sectional curvature of N implies
be an orthonormal basis of T x M and setting ρ x = ρ N (ϕ(x)), we obtain
which, inserted into the last inequality, yield
Inserting this into the above inequality and using the assumption I ′ m (t) ≥ 0 in the form
we finally obtain
and we conclude that 
a computation similar to that performed in the first part of the proof shows that
and it follows from Barta's Theorem that
The case where r ϕ < +∞ is similar. Since to apply Barta's theorem we need u to be positive, we note that our assumptions imply that I m is well defined and positive in [0, r ϕ + ε] for every ε > 0 sufficiently small. Next we let 
The conclusion now follows letting ε → 0. Finally, if ϕ is proper, I −1 m is integrable on [0, ∞) and A < 1, then the function −u is bounded, proper, and satisfies
Therefore, in the terminology of [9] , it is a weak maximum principle violating exhaustion function, and the discreteness of the spectrum of M follows from [9, Theorem 32].
Proof of Theorem 3.
We maintain the notation of the first part of the proof of Theorem 1, and let v = F • ρ • ϕ. Then v is bounded above by the assumption that I −1 m ∈ L 1 ([0, r ϕ ]) and, by (7), it satisfies
Since M is assumed to be stochastically complete, by the weak maximum principle at infinity there exists a sequence {x n } in M such that
Since F is increasing, this implies that ρ x n → r ϕ . In particular, if ϕ is unbounded, we conclude that
In the case where ϕ is bounded, we can still conclude that
IMMERSIONS INTO PRODUCTS
The aim of this section is to prove versions of Theorems 1 and 3 for immersions into a product manifold N × L, where the factor N satisfies condition (1) in the Introduction. This clearly relaxes the curvature conditions imposed on the target manifold. As a counterpart, we need to strengthen the assumpions replacing conditions on I m and I M with analogous conditions on I m−l and I m−l respectively.
In some sense, we make up for the presence of the factor L by imposing more negative curvature conditions on the factor N. 
Proof. We continue to keep the notation of the proof of Theorem 1. Assuming that F is smooth and satisfies F ′ ≥ 0, we consider the function F • ρ N • π N • ϕ, and argue as in Theorem 1 to obtain
and inserting the identities
into the last inequality yields
Since dπ N is the orthogonal projection onto T z N which is of codimension l in T (z,u) (N × L), and dϕ(X i ) are m-orthonormal vectors, it it easy to verify that
Using this, the fact that
, and the assumption that I m−l is nondecreasing in the form
we conclude that the right hand side of the above inequality is bounded below by
and the estimate
I m−l (r) In a similar fashion we have the following analogue of Theorem 3, which complements previous results by L. J. Alias, G.P. Bessa and M. Dacjzer, [1] . We conclude this section noting that the above arguments can be used to give the following version for products of the already cited mean exit time comparison results obtained in [15] . 
